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14. Maximize Z = 6x, + 4x,

Subject to the constraints

2x,+4x, 54, 4x, +8x, 216 and x,, x, 20

Ans: Nofeasible solution

15. Use graphical method to solve thefollowing LPP

Zain = 1-5x, + 2.5K,

Subject to the constraints x, + 3x, 2 3, x, + x, 22 and x,, x, 20

Ans: x, = 1.5, x, = 0.5 and Z,, = 3.5

16. Solve Z_ =x, +,

Subject to x, +x, <1, — 3x, +x, 23, x,,x,20

Ans: Converting the inequalities into equations, we have

x, + x, = 1,-3x, +x, =3 and theypass through (0,1), (1, 0) and (0, 3), (—1, 0) respectively,

Plotting these on the graph, it can be observed that there is no commonfeasible region

satisfying all the constraints. Hence the problem cannot be solved. In other words,the

given LPP has no solution (infeasible solution).

17. Solve Z_., = 3x, + 2x, by using graphical method

Subject to 5x,+x,210, x,+x,26

xX, +4x212, x,,x,20

Ans: Z_ = 13,x,=1,x,=5

18. Solve Z_ = 500 x, + 150. _.bject to x, + x, < 60

2500x, + 50x, < 50,000

Ans: Z__ = 1000

19. Use graphical methodto solve the problem

Solve Z__ = 2x, + x, by using graphical method : ) » chy a

Subject to x, < 10

2x, + 5x, S560, x,+x,s 18, 3x,+ x,S 44 and x,, x, 20

Ans: Z_ = 31, x, = 13,x,=5

20. Use the graphical method fo solve the following LPP.

Minimise Z = 1.5x, + 2.5x, subject to the constraints x, = 3x, 2 3, x,+x,22andx,, x,20

Ans: x, = 1.5, x, = 0.5, Z,. = 35  https://hemanthrajhemu.github.io



 

Simplex Method - 1

  

eere
(nee, se ———___.

Learning objectives

| After Studying this chapter, you should be able to

 

 
 

   

  
  

     
   

© understand the essence of simplex method

| © set-up simplex tables and solve LP problems using simplex

| algorithm

o understand the tie breaking in simplex method © distinguish the slack, surplus andartificial variables

solve LP problems using Big-M method and two phase method 
2.1 INTRODUCTION
Graphical method used to solve a Linear Programming Problem is limited to two decision variable

problems. But mostreal life problems when formulated as LP model will have more than twodecision

variables. Thus, we need a moreefficient method to suggest an optimal solution of such problems.

A more general method known as “Simplex Method” is suitable for solving Linear Programming

Problems with a larger numberofvariables.It is an iterative process, progressively approaching and

ultimately reaching the maximumor minimum values of the objective function. The method was

developed by G. B. Dantizig in 1947, an American Mathematician.

2.2 THe Essence oF Simpctex MetHoD
Simplex methodis an algebraic procedure. However, its underlying concepts are geometric.

Understanding these geometric concepts provides an intuitive insight of howthe simplex

method operates and what makesit so efficient.

SIhttps://hemanthrajhemu.github.io



Operations Research
—.

n
m
b
e

The geometne concepts are related to the algebra of the simplex method. In graphical

method of solving an LPP, we used to identify a common region known as feasible region

satisfying all the constraints. The optimal solution used to occur at some vertex of the

Fesible region.

If the optimal solution was not unique, the optimal points were on an edge. Essentially the

problem is that of finding the particular vertex for the convex region which corresponds to the

optimal solution. |

The simplex method provides an algorithm which consists in moving from one vertex ofthe

region of feasible solutions to another vertex in such a waythat the value ofthe objective function

at the succeeding vertex is improved than at the previous vertex.

This procedure ofiteration from one vertex to another is repeated till the optimal solution js

obtained. Thus, the geometric concepts are related to the algebra on which the simplex methodis

works.

Application of Simplex Method

Simplex method can be used to solve the problems having two or more variables, where as the

graphical method is confined to the problems having only two variables.

Graphical method is a geometric approach, where as Simplex method is algebraic approach. The

simplex method can be computerised easily by programmingit.

2.3 Basic Terms / DEFINITIONS

i. Slack variable

A variable added to the left hand side of a constraint (less than or equal to) to convert the

constraint into an equation ts called a Slack Variable.

Example

If the constraint given is 2x, + 3x, < 8, then

2x, + 3x, + u, = 8 is the equality (equation)

Where u,is a slack variable.

ii. Surplus variable

A variable subtractedfrom the left hand side of the constraint (greater than or equal to) and

to convert it into an equality is called a surplus variable.

Example

If the constraint given is, 3x, + 4x, 2 10 then

3x, + 4x,—s, = 10 is the equation; where, 5, is the surplus variable.

o
e
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.

iii. Basic Solution

The initial solution obtain after setting the basic variables as zeros ts basic solution

It is the unique solution resulting from setting (n — m) variables equal to zero,

Where, m = number ofsimultaneous linear equations

n = number of variables.

ty, Basic Feasible Solution

A basic solution which satisfies x, 2 0, i = 1, 2,.......n is called as a basic feasible solution

(which indicates that the decision variables can not be negative.

v. Optimal Solution

Any basic feasible solution which optimizes (minimizes or maximizes) the objectivefunction of

a general LP problem is known as an optimalsolution.

2.4 STANDARD Form oF AN LP Prostem (CHARACTERISTICS OF LPP)

Simplex method to solve LP problem requires the problem be converted into standard form. The

standard form of the LP problem should havethe following characteristics.

i. All the constraints should be expressed as equations by adding slack or surplus variables.

ii. The right hand side of each constraint should be made non negative; if it is not, this should

be done by multiplying both sides of the resulting constraint by -1.

iii. The objective function should be of the maximizationtype (if it is not, should be converted by

multiplying with —1).

 

Worked Examples

1, Obtain all the basic solutions to the following system of linear equations. Is the non =

degenerate solution feasible?

3%, + 6x,+ 2%, +2%,=a9

G6x,+49x,+42x,+6x,=2

Which of them are basic feasible solutions.

Solution:

We have, number of unknowns(variables) = 4 and numberof equations = 2. There will be 4

C, (=6) different possible basic solutions

Wheneverall the values of basic variables > 0, then the solution is feasible.
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Solution:

Numberof equations = 2

Numberof variables = 3

. There are 3 C, possible ways ofgetting different basic solutions 3C, = at = 3 ways

 

 

 

Value of basic Is the Solution

Operations p
Re

  

 

 

 

     

Basic Non - basic é

variable variable variables feasible?

Aye Xy Lae, =U 2x,+6x,=3 Yes

6x,+4x,=2

]

x, = 0, X2* 5

Xi. X, x, =x,=0 2x,+2x,=3 No

—™

6x,+4x,=2

7
x, =-2, 35

Xin X, i — x, 0 2x,+x,=3 No

6x,+6x,=2

8 eal
“=? xy> 4

XxX, xX =x, =0 6x,+2Xx,= Nesupsy

ck

4x,+4x,=2

l
X25? x,=0

i. x, x, =x,=0 6x,+x,=3 Yes

4x,+6x,=

x r X4=157 *4

X,. X, x == 28 aS No

4x,+6x,=2

4, = 2; %,=—   
 

3x, +x, + 52,= 14

x,=0
4’ ies2x, Fs, = 1,

On solving

3x, +x, = 14

xX, =3,x,=5

 

Findall the basic solutions of thefollowing system of equations identifying in each case the basic

and non basic vanables.

2a, 4%, 742,511

a
ee
e
e
e
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Simplex Method -1 5S

x, = 0 x,+4x,=I11, > x is

On solving x, @—1,.x, = 3

x, =0 2x,+4x,= 11, 3x,+5x,=14

1 5
On solving - Xx, = 3° X= 3

S.N Basic Non — basic Value of basic Is the solu-
. No ,

‘ variable variable variables tion feasible?

XX; X, x, = 3,%,—5 Yes

2 X,, X, x, a, = 3) %==) No

I 5
3 XX, xX, x Zit ws Yes        

Infeasible solution

Wheneverthe design variable or basic variable assumesa negative value the solution is stated

as infeasible.

2.5 THE SETTING UP AND ALGEBRA OF SimPLEX METHOD

Computational procedure of the method requires the construction of the ‘simplex tableau’. The

initial simplex table is formed by writing out the coefficients and constraints ofa Linear Programming

Problem in a systematic tabular form.

Step 1

Check whether the given objective function is to be maximized or minimized.

If the objective function is to be maximized,take it in the given form itself. If it is to be minimized,

then convert into maximization from.

The objective function to be maximized will be of the form.

Z= c,X, + Ox, + ...Q.x,

Step 2

Express the problem in the standard form by introducing appropriate slack / surplus variables.

In standard from, the constraints would consist of m equations in m variables (including slack

variables). The equations will be of the following form

https://hemanthrajhemu.github.io
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ByyXy + Agr; t+ OU, + OU, +....+ 0.0, = by

Here, u,, u,, ++, are slack variables

Step 3

Equating the basic vanables to zero obtain an inigal basic feasible solution

Step

 

 

 
 

 

 

4

Simplex method in tabular form

Basis C, x x; Xy ee My My, My ae B

u, e a, a; bs 0 0 B,

uy e » ay, i. 0 l 0 B,

u, S a i. a 0 0 B,

a Cc, C, Ca 0 0 0... -

ei Zz, a oy GC, 6. G-. 2B,

c-Z GC reZ, G-Z. 4-4      
 

In this table

iw.

vu

wi.

vit.

The basic variables are listed in the basis column.

The coefficients of the variables u,, u,, u, in the objective functionare listed in column C,.

The coefficients of X,, X, X,y ++-+0++ p Uy, Way Uy aeeeee in equation (2) are listed in columns Xs

Xp Xyy voceecey Uyy Uy Uyy ver eeee pespetitnety The coefficients of X,, Xj) Xj) -+++++ , form whatis

called the body matrix, and the coefficients of u,, U,, U,, ....... constitute a unit matrix.

The values B,, B,, B,,....... of the basic variables jp Xyy Xjy eveeeey AVE listed in column B..

The coefficients of X,, Xj Xj -+++0+ y yy U gy Uyy creer in Z are listed in row C..

The entries Z,, Z,, Z,, +-..---, In the row S are computed bythe formulae.

Z, =a, C, + @y C,+a,,C, +... = Dane

Z, = 4,, C,+a,G +a, CG tf... = >an, , and so on
k

The entries in (C, - Zz) row are determined as indicated in the table.

This rowts called the net cell evaluation row.

Step 5

Examine the entries in (C - Z ) row, namely: C, - Z,, C,ACetin If all of these are < then

the basic solution x, X,, X,, . , is an optimal solistion, ad the seablenr!is solved. If any C, --Z

value is not < 0, then ieeeto next step.  https://hemanthrajhemu.github.io
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Simplex Method - 1

Step 6

Amongthe positive entries in (C — Z) row, identify the one which is maximum. (If only one entry

is positive, identify that entry. [f more than one entry is positive select the highest one.) The column

containing this entry is called the pivotal column (PC) or the key column.

Now, divide the entrics in column B by the corresponding entries in the pivotal column

(leaving out those which are zero).

Amongthe ratios so obtained, identify the one which is non — negative and minimum(least).

The row containing this ratio is called the pivotal row (PR) or the key row. The entry commonto

the pivotal column and the pivotal rowts called the pivotal element (PE) or the key clement.

The basic variable correspondingto the pivotal row1s called the leaving variable (or departing

variable) and the variable corresponding to the pivotal column is called the entering variable

(or the arriving variable). This meansthat, for the next stage of work, the basic solution is obtained

by replacing the departing variable with the arriving variable.

Step 7

After the departing and arriving variables are identified as explained above, divide every entry in the

pivotal row by the pivotal element to makethe pivotal element as 1. There after, make all the remaining

entries in the pivotal column zero by elementary rowoperations and obtain modified simplex table.

Step 8

After constructing the modified table as explained above, write down the Cc row, Z row and(C-Z)

row, (There would be no change in Cc row). The resulting table is called the second simplex table.

Analyse this table as explained in step 5 and repeat the process until an optimal (or an unbounded)

solution is obtained.

2.5.1 Steps of Simplex Methodin Brief

i. Formulate the objective function and constraints

ti. Ifthe objective is to minimize, convert into standardform that is, maximization (by multiplying

the coefficients of objective function with —ve sign)

tii. Add slack variables to convert each constraint to an equation

iv. Setup the first starting solution

v. Check solution for optimality. If optimal, stop otherwise continue.

vi. Select a variable to enter to improve the solution

vii. Select a variable to leave the basis

viii. Perform row operations to complete the solution

ix. Return to step 4 and continue the procedure until optimality is obtained.
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Outline of Simplex Method

SI:

§2:

S3:

S4:

Determine the starting basic feasible solution.

Select an entering variable using row operations. If there is no entering variable, the solution

is optimaland the Stop process. Else go to Step 3.

Select a leaving variable using therowopeartions based onratio.

Detaermine the new basic solution using the row operations. Go to Step 2.

2.5.2 Steps in Performing row Operations

1.

az

Identify the PE, which is the intersection of the PR and PC.

Divide the PR, element by element, by the PE. Enter this new row in the next tableau in the

same row position.
|

Reduce all other elements in the PC in the next tableau to zero by multiplying the new row

formed in step 2 bythe negative of the row’s elements in the PC of the present tableau and

addingthis transitional rowto the row being modified.

old equations element
New pivot equations = and the other equations above or below to the

pivot element

pivot element equation = old element — [its entering coefficient of the column x corresponding

new pivot equation]

Let us understand the simplex method through the following examples.

3. Solve the following LP problem by the Simplex method

Maximize Z = x, + 3x,

Subjected to x, + 2x, < 10 »

O<x,s5and0sx,<4 e i ‘

Solution:

Step I

The objective function is in the standard form (maximization) and hencethere is no need for

modification.

The design (decision) variables are x,, Zs

Step 2

Converting the inequalities as equations we get,

x, + 2x, + u, = 10

x, +us=5

x,+u,=4

 

a
a
e
e
e
m
e
e
e
e
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x, 20, x, 20

Where u, u,, u, are the slack variables.

Step 3

Set the design variables x,, x, to zero, so that the starting basic solution is

u, =10, u, = 5, u,=4

Step 4

In terms of all these variables the objective function is,

Z =x, + 3x, + Ou, + Ou, + Ou, (1)
max

(Add slack variables with *0° as co-efficient)

 

 

     

 

          

Step 5

Prepare the starting simplex table as shown below,

LEV

Basis C,

|

* x; uu, iu,

|

B_

|

Ratio (0) =B/ Elements of PC|

uy} O

|}

| 2 | 0 0

|

10 |10/2=5
5/0

u, 0 l 0 0 1 0 5
(not defined)

L.V-—u,} 9 0 1

|

PE 0 0 ] 4 !4/1=4— PR

C, l 3 0 0 0

Z, 0 0 0 0 0 0

C-Z, l 3 0 0 0 ~

T

PC

In the abovetable,

iii.

iv.

vi

Column ‘Basis’ contains the basic variables. (In the first simplex table they are slack variables

thatts, U,, U, U,).

Column C, contains the co efficient of the variables (u,, u,, u,) in the objective function.

Column x,, x, x, respectively contain the co efficients of x,, x,, x,in the constraint equations.

Columns u,, u,, u, respectively contain the co—efficient of u,, u,, u,in the constrains equations.

These coefficients form a unit matrix.

Column ‘B’ contains the values of R.H.S. of the constraints.

Row ‘C,’ contains the co-efficients of all variables in the objective function represented as 1.
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Row Z, ’ contains the entries determined as explained below

For each column, multiply each entry in that column by the corresponding entry in the column et,

and add upthe values.

For example the entryin the column x, is determined as 2 x 0+ 0x 0+3 x 0=0.

Step 6

If all C, - Z values < 0 thenthere is no need to proceed the next table (the solution is optimum) ,

Here it is not, so we proceed to the next step.

Step 7

Amongthe positive entries in (C — Z) row, identify the one which is maximum. The column con-

taining this entryis called the pivotal column (PC).

Now, divide the entnes in column B by the corresponding entries in the pivotal column

(leaving out those which are zero). Amongtheratios 0 so obtained, identify the one that is positive

and minimum. The rowcontaining this ratio is called the pivotal row (PR). The intersection ofthe

pivotal column and the pivotalrowis called the pivotal element (PE). The basic variable corresponding

to the pivotal rowis called the leaving variable (LV) and the variable corresponding to the pivotal

columnis called as entry variable (EV), i.e. in the next table LV will be replaced with EV.

Note:

i, If all the ratios (8) are non positive, we conclude that the problem has unbounded solution

and no further working process is required.

il. Consider the elements ofpivot column having only with positive sign.

Step 8

Divide every entryin the pivotal rowbythepivotal element. (To make the pivotal element as unity).

Thereafter make all the remaining entries in the pivotal column zero by row operations that is by

the technique used in Gauss elimination or Gauss-Jordan methods.

Note:

Modified simplex table is based on the steps 7, 8

If the pivot elementis not unity, divide all the elements of pivotal row by pivot element.

Step 9

Theresulting table is second simplex table. Analyze the table as explained in step 6 and repeat the

procedure until an optimal (or an unbounded) solution is obtained.  https://hemanthrajhemu.github.io
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a

In the first simplex table we observe that the x, column is PC, u, row ts PR and | is PE.

Therefore, u, is leaving variable and x, is the arriving (entry) variable, so the basis for the next

simplex table is (u,, u,, X,).

Second Simplex Table

To obtain next simplex table for the given problem the following rowoperations are used.

R, (new) = R, (old) / pivot element, R, (new) = R, (old), as R, (old) already contains zero

below the pivot element.

R, (new) = R, (old) — 2 * R, (new) where 2 is the coefficient of PC that should be converted

as zero.

 

 

 
 

 

      
 

LEV

Basis C, x, | Wy, wcll, B Ratio (0)

LVeu,| 0 [1] PE 0} 1 0 -2 2 |2/1=2 & PR

u,| 0 0o}o0 1 O 5] s5/1=5
4/0 (not BO

3 3 0 l 0 =
"2 " ' - defined)

G 3/0 0 oO - 7

Zz 0 3 0 0 3 12 -

C,-Z UN 0 0 0 -3 - -
T

PC

Again,asall C — Zz, are not < 0, the solution is not yet optimum.

 

 

 
 

 

 

Third Simplex Table R, (new) = R, (old) — 1 = R, (new)

Basis Cc, x, ae. u, u, 4, B

x, 1 [1]PE 0 1 0 -2|2+<- PR

u, 0 0 0 -1 8) 2 3

x, 3 0 l 0 0 | 4

C, 1 3 0 0 oO |-

Z, l 3 ] 0 1 14

C=Z, 0 O - 1 0 —~|] {-     
 

We observethat in the above table, none ofthe entries in (C, -Z) roware in positive. We therefore

stop the process (optimality is obtained).

https://hemanthrajhemu.github.io



62 Operation, RSearcy,

We find x, = 2, x, = 4 (entries in column Bcorresponding to x,, X,)

Hence, the optimum solution (that is, Z__) is

Low — X,+3x,=2+3(4)=14

Note

Z -Cmay also be considered instead Cj — Zj, to conclude the optimality considering highest

negative value. In this case, all Z —C, values should be > 0.

Observation while moving from onetable to anothertable

t. Pivot clement is unity, if not divide the entire row by the pivot element (the divisionisfrom x, |

to uw). i

it. Other elements ofpivotal column are converted as zeros by row operations. :

ti. Leaving variable is replaced with entry variable with its coefficient.

tv. Row operations need not be unique, the operation should nullify the elements of basic PC

keeping PE as unity (1). Hence, the equations for row operations are not shown for all the _

problems.

4. Use simplex method to solve the LPP

Max Z = 3x, + 2x,

Subject to x, + x,5 4, x,-x,<2 and x, x,>0.

Solution:

By introducing the slack variables u,,u, weget,

x, +x,+u,=4

a

X,—X,+u,=2

Z_., = 3X, + 2x,+ Ou, + Ou, as the standard LPP

Where x,, X,, U,, u,2 0

First Simplex Table

 

 

 
 
 

 

        

 

LEV

Basis C, z x, uy ou,

~~

6B Ratio
u,| 0 ] ol l 0 414/1=4

Lv—u,] 0} [i]PE -1

|

0 1 2 |2/,=2—PR
C 3 2 0 o - f[-
Z 0 0 0 Q J

C=2, 3 2 0°."0 2 {2; _

PC  https://hemanthrajhemu.github.io
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Second Simplex Table

 

 

 

 
 

 
 

       
 

LEV - —

Basis Cy | x; u, u, B Ratio

LV ~—wu, 0 0 [2 PE l —~-112/2/2=1—PR |

x,| 3 | 1 0 1

|

2 |}2/-1 =~—2(not to be considered)

C 3 2 0 0 |-|-

Z, 3 -3 0 3 |6{-

CZ, 0 5 0 -3]-]-
+

a

As all C, — Z are not lesser than or equal to zero the solution is not yet optimum. Hence,

move to the next table revising the basis as (x, «,} keeping the PE as unity, making other

elements in PC zeros.

Third Simplex Table
 

 

 
 

 

       
 

Basis Cc, x, x, uy Hl, B

x, 2 0 PE 1/2 -1/2] 1

x, 3 0 i727" rs
C, 3 2 0 0 7
Zz 3 2 5/2 1/2 |

C=-2 0 0 ~5/2|-1/2 1

Since all C — Z < 0, the solution is optimum. c 5
J ) SC cc | Wy

The optimal solution is maxLSS ! r \ \
° Zre «

Note:

~ b
o
d The simplex method discussed is applicable to maximisation problems only. If objective of the

problem is minimisation then it is to be converted into maximisation form (standard form).

it. Row operations need not be unique, only thing that is important is pivot element should be

unity and other elements ofpivot column to be made as =eros.

5. Solve the following LPP by simplex method.

Loin = x, —3x, + 2x;

Subject to 3x, —xX, +24, S57, — 2x,+4x, 512 and —- 4x, +3x, +8x, <10
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Solution:

As the given objective function is to minimize, it should be converted into maximization form,

M = Les == (Zrein )

M = —x, + 3X; - 2X;

— 2x, +4x, +0x, tu, =12

— 4x, + 3x, +8x,+u, =10

The modified objective function 1s

Z*a, = NX, +3N, —2N, + Ou, + Ou, + Ou,

Setting the basic variables to zero, we get u, = 7, u, = 12 and u, = 10

First Simplex Table

 

 

  
 

        

EV

Basis |G x, Xs xX, wu ou, au, |B Ratio

u| 0 3 -1 2/1 O of 7 |-7

LV-u,] 0 |-2 [4]PpE 0 0 1. O 12 [3+-PR

n,{ 0 -4 3 8s 0 0 1 10 }10/3
C -1 3 210 0 of -
Zz 0 0 0/0 0 oO] 0
cz -1 3 -2}0 0 of -

7

As all C — Zare notlesser than or equalto zero the solution is not yet optimum. Hence, move to

the next table revising the basis keeping the PE as unity, making other elements in PC zeros.

Second Simplex Table

 

 

 
 

 

        

 

LEV ! —-

Basis c. x, x, Xx, u, u, u, B Ratio

LV+—u,| 0 5/2 PE e: =!2 | 1/4 0 10 4<— PR

xn] 3] -1/2 1 of o 174 0 3 |-6
u.| 0 — 542 0 8 0 ~3/4 1 — 2/5" |

Cc - 1] 3 -2]/ 0 0 0

Zz, -3/2 3 o| 0 3/4 0 9

CZ 1/2 0 -2]/ 0 -3/4 0
;

PC

—
—
—
—
—
—
—
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i

Asall C, - Z are not lesser than or equal
to zero the solution is not yet optimum. Hence

moveto the next table revising the basic . .1s keeping the PE as unity, making or ele -1
ne zevox Ping the § ty, making other elements in

Third Simplex Table

 

 

 

 

 

 

 
 
 

 

        

Basis Cc, x, x; x, te ul, u“ Bx, |-t| 1 0 4/5

|

2537390 To Ta: 3 |0 1. 275 VS 3/10

|

o

|

5
MN, 0 0 0 10 I —1/2 l 1]C, -1 3 =3 0 0 0Z Sef ET Page VS 4/5

|

oldPeele 0 0 ~12/5] -1/5 ~4751) 01] -
  

The solution is optimal since all C, — Zvalues are less than or equal to 0
Hence x, = 4, x, =5, x, =0

M=Z,.=-4+I5=11

M =—(Z,,,.) = Zins

~Ze-=-1l
min

6. Solve the following LPP by the simplex method

Minimize Z = 2x, + 3x,+ x,

Subject to 3x, + 2x,+ x, <3

2x, +%, +x, 52

KiXe cy O

Solution:

The constraints can be written as,

3x, + 2x,.7+x,+u,=3

2x, 7 3,1) Fu, = 2

Convert the objective function into maximization form

max — 2%, — 3X, — X,
=_” _ > +.

2nositied ox, 3x, x; + Ou, + Ou,
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C

First Simplex Table

 

 

   
 

     

Basis c x, * x, uy a, B

Mu, 0 3 2 l ] 0 3

uM, 0 2 ] ] 0 ] 2

Cc, -2 -3 - 1 0 0 -

Z 0 0 0 0 0 0

Le, -—2 —3 - 1 0 0  
 
Asall the values of C, — Z, <0

The solution is optimum. Hence, x, = X, = x, = 0

Z__. = 0, that is the minimum possible value is zero subject to the given constrains.

7. Z,.. = Gx, + &,

Subject to 2x, + &x, < 16

2x, + 4x, <8

Solution:

The constraints can be wmitten as,

x, + 4x, < 8

x, +2x,<4 (dividing by 2 on both sides, to keep in the possible simplified form)

Adding the slack variables u,, u, we get :

x, +4x,+u, =8

x, + 2x, + u, =4

The modified objective functionis,

Z__, = 6x, + 8x, + Ou, + Ou,

Simple Table-1

 

 
 

  
 

 
 

       
 

1 EV

Basis Cc, x, x, u, u, Ratio

u, 0 ] 4 ] 0 8 8/4 =2

«< LV u, 0 1 2 |PE 0 ] 4 4/2=2] <—PR

C, 6 8 0 0 —

Z, 0 0 0 0

C,-Z, 6 8 0

TPC
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Simplex Method -1 cg

The solution is not optimumas all Cj — Zj are not < 0

The highest positive difference of Cj — Zj is 8

After obtaining the ratio of B/PC, there is a tie

To resolve the tie find,

The elements of unit matrix ] column

PC elemets

ie., [4.2] = [+0]

42 4

The minimum value is 0. Hence, select u, as the LV rather than considering u,

[Making PE as 1, other elements of PC as Os by R, — 2R,]

Simplex Table-2
LEV

Basis C, X, X, u, u, B Ratio

—(Not considered as
_ 2?

" ° 7 7 7 PC Elementis —ve.

LV<| x, 8 1/2| PE I 0 1/2 2 <—4PR old Row/2

C 6 8 0 0 7

Z, 4 8 0 +

C-Z, 2 0 0 4

T PC

The solution is not yet optimum asall C, — Zare not < 0

Hence, moving to nextiteration with usual procedure.

Simplex Table-3,
 

 

 
 

 

 

Basis C, Xx, x. u, u, B

uy 0 0 2 1 —1 4 — R, + 2R,

» 6 ] 2 ) l a — old R*2

Cc - 6 8 0 0 24

Zz, 6 12 0 6 —

Cc -Z, 0 4 0 6     
 

The solution is optimum as all C — Z, < 0

The values of X,. X, are X, = 4. xX = O which gives Z_ = 6(4) + 8(0) = 24
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& Using simplex method of tabular form solve the LPP

Maximize 2 = dx, + 3x, + Gx,

Operations Research,
a

Subject io 2x, + 3x, + 2x, < 440, dx, + x, < 470, 2x, + dx, s 430 and x, x, x, 20

Solution:

Converting the in equalities as equations by adding slack variables

2x, + 3x, + 2x, + u, = 440

4x, + Ox, + 3x, + u, = 470

2x, + 5x, + Ox, + u, = 430

(where u,, u.. u, are the slack variables)

The modified objective function is Z*_= 4x, + 3x, + 6x, + Ou, + Ou, + Ou,

Simplex Table-1

 

 

 
    
       
 

+ EV

Basis| C, | x, x, x, u, u, u,| B Ratio
u, 0}/2 3 2 1 0 0 440 440/2 = 220

+LV/ uw, 0|}|4 0 PE; 0 1 0 470 470/3 = 156.6

u, O} 2 5 0 0 0 1 430 -

Cc 4.3 6 0 0 Of] -

Z, 0 0 0 0 0 0} Oo

C,-Z, 4 3 6 0 0 0

TPC

The more highest positive value of C - Z is 6 Hence, the column corresponding to this

becomes PC.

Replace the LV with EV, keeping the PE as 'l' we get the newtable as shown below(simplex

table - 2)

Note:

1. In simplex table-2 the PE must be unity(1), other elements ofthe PC must be zeros, Now

the'PE" is made as ‘J’ and this can be treated as new R, The other elements ofPC (above/

belowofthe PE) must be mullified.

li. Coincidently the element belowPEis '0' hence, no need to operate the 3” row. Thus third

row remains as it is. But, the element above PE is having a value of '2'. To makeit as

zero, the following rowoperators maybe used.
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1

.

3R, _ 2R,
(Both old) oe

oe 2 New (old row can be operated with new row having PE as '1'}

Let us prefer the second choice which is relatively simple to operate

Simplex Table-2

 

 

 
 

 

       
 

1 EV

Basis C, x, x, x, |, 3, “, B Ratio

{old R.-2
0 -2/3 0 = 0 3803) 380/9u, PE 0 -23 80/3 ER RJ

<_

(New R) X; 6 4/3 0 ] 0 1/3 0 470/3 — [oldR/

R]

u, 0 2 5 0 0 0 l 430 430/5

4 3 6 \|0 O 0 = 7

Z, 8 0 6 |0 2 0 940 ~

C,-Z, —4 3 0|0 2 O = -

TPC

In the simplex table — 2 one Cc- Z, is at positive level. Hence, the solution is not yet optimum.

Hence, the columncorresponding to this becomes PC with x, as EV. The ratio is least for the

first row hence, the first rowis PR, u, is the replacing variable.

We get the modified simplex table as given below

 

 

 
 

 

 

Basis C, x, x, xX, uu, ou, B

(Newt R,) ac, 3 —2/9 1* 0 0 -2/99 O 380/9 old R,/3

zs 6 4/3 0 ] 0 1/3 =O 470/3

u, 0 28/9 0 0 0 10/9 1 |3680/9 |old R, — 5 New R,

C, 4 3 6 0 0 0 -

; Z, 22/3 3 6 0 473 #0 3200/3

| | Cc- Zz, -10/3 0 0 0 -4/3 O -      

= The solution is optimum as all C-2Z<0
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70

The optimum values of the decision variables are,

x, = 0 (as it has not appeared in the basts)

380 470

%2=9°
XxX; =>

which gives

=4x, +3x, + 6X,

‘380 #70)
= “1+ 6) —
=4(0)+1 9 ( 3

3200

3

Zax

 

Golde the following LPP by Simplex Method

Mox Z = 3x, + 2%;

Subject to 4x, + 3x, s 12,

4x, +x, 8,

dx, - x, = &,

Xy» x,20

Solution:

Convert the inequality of the constraints into equations by adding slack variables

u,, u,, U,, then

Max. Z = 3x, + 2x, + Ou, + Ou, + Ou,

Subject to 4x, +3 x, + u, = 12

4x,+x,+u,=8

4x,-x,+u,=8

X,, Xj, U,, U,, U, 2 0

is the standard form of LPP

Set the values of x,, x, = 0 then

u, = 12, u =8

u, = 8 is the basic solution
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Simplex Method - 1
 

 

 

 
 

 

 
        

La,

First Simplex Table

LEV —
Basis CL x, x, “, , uy B Ratio (@)

m ° 0 4 3 I 0 0 12 12/4=3

uy 0 4 0 | 0 8 8/4=2

LV—u,| 0 |}[4]p—E -1 0 oO 1 8 |8/4=2—PR

C, 3 0 o oO ~ -

Z, 0 oO O 0 -

C-Z 0 o oO - -
oT

PC
As all C, — Zare not < 0,the solution is not optimum. Column containing x, is PC. As the
ratio (8) is same for rows containing u,, u, any one can be considered as PR.

Let us consider the rowcontaining u, as PR. Then,

Second Simplex Table (First iteration)

 

 

 
 

  

         
 

 

  

 
 

 

 

 

 

 

 

        

L EV

Basis C.. x, x, u, My, u“ B Ratio

uy 0 0 4 l 0 -—] 4 |4/4=1

—LVu,| 0 0 [2]pp] oO 1 -1 0 |0/2=0—PR

Xx, 3 ] -1/4 0 0 1/4 2 (not defined)

G 3 2 0 0 0 _ _

Z 3 — 3/4 0 0 3/4 6 _

C-Z, 0 u/4 [oOo 0 -3/4 — a
|
PC

Third Simplex Table (Seconditeration)

LEV

Basis C.1*% 1 4, u, uy B Ratio

Lv} 0} 0 Of} 1 2 [1 |pe 4 4/1=4—-PR
x| 2/0 1/0 1/2 ~172 0 -

ei eft <0) © 8 178 2 2/1/8=16
C 3 2 0 0 0 7 _

2Z, 3 “ 0 11/8 —-5/8 6 7

G--Z, 0 O]0 -118 57g _ 7
Ln et

T PC

 

https://hemanthrajhemu.github.io



Operations Researes,o
n
e

Fourth Simplex Table (Third iteration)

 

  

 

 

   

Basis

|

C,

|

X, x, uy uy uy B

uy 0 0 0 I —2 | 4

x, 2} 0 fijpe}] 12 -12 0 2

x, 3 ] 0 -1/8 3/8 0 3/2

C - 3 2 0 0 0 ~

Z ~ 3 2 5/8 1/8 0 17/2

c-z|{-

|

0 0 1 ~    
 

As all C — Z < 0 the solution is Oopumum

Hence, x, = 3/2, x, = 2

Z.., = 17/2

10. Employ simplex method to solve the following LP problem

Maximize Z = 2x, + 4x, + 3x,

Subject to

3x, + dx, + 2x, < 60

2x, +x, + 2x, < 40

x, + 3x, + 2x, < 80

x, 2>0,x,>0,x,>0

Solution:

First let us write down the given problem in standard form by rewriting the given. constraints

in the ‘equations form’ as follows

3x, + 4x, + 2x,+u, = 60, 2x,+x,+2x,+u,=40

x, + 3x, + 2x, + u, = 80

Here u,, u,, u, are slack variables.

u, = 60, u, = 40, u, = 80
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First simplex Table

 

 

 
 

  

        

Evl
———

Basis Cc, x, x; x, 4, u, wu, |B Ratio
Gee

LV-—u,| 0 3 [1] Pe 2 0 O 60 |60/4—PR

u, 0 2 I 2 0 l 0 40 40/1

u,| O 1 3 2} 0 .0 1 80 80/3
EE

C, 2 4 3 0 0) 0 -
—

Z, 0 0 0 0 0) 0 0
a

C,-Z 2 4 3}0 oO Of -
=

T

PC

We observe that x, column is PC, rowis PR andis PE. Therefore, u, is the departing variable

and x, is the arriving variable so that the basis for the next stage is (x,, u,, u,).

Second Simplex Table

 

 

 

 

  
 
 

 

       
  

EVL

Basis c, x, x: x, uy u, ou, \B Ratio

x,} 4 3/4 1 2/4 1/4 0 O 60/4 60/2

LV-u,| 0 5/4 0 13/2)PE|—-1/4 1 O} 25 |50/3+ PR

u,| O -5/4 0 1/2 |-3/4 0 14 35 |70

eG 2 4 3 0 o of -

Z, 3 4 2 1 0 oO} 60

C, -Z, 1 0 1 -1 0 o| -

T

PC

Weobserve that x, column is PC, u, row is PR and 3/2 is PE. Therefore, u, is the departing

variable and x, is the arriving variable, so that (x,, x,, u,) is the basis for the next stage.

We prepare the simplex table, as shown below

e
s
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Third Simplex Table

by

 

 

  
 

  

Basis

|

C, x, x; x, u, uy u, |B

x, 4] 1/3 0 Of} 1/3 -1/3 Of} 20/3

x, 3 5/6 0 l -1/6 2/3 0 50/3

Mu, 0] -5/3 OO O -2/3 -1/3 | 80/3

Cc 2 4 3 0 0 0 -

Z, 23/6 4 0 5/6 —2/3 0 230/3

C-Z, -l1/6 0 0 -5/6 -2/3 0 -     
We observe that in the above table, none of the entries in (C, —Z,) roware < 0. We there fore

stop the process. We find that the entries in B column correspondingto x,, x, and s are 20/3,

50/3 and 230/3 respectively.

Accordingly, we conclude that x, = 20/3 and x, = 50/3 correspondto the maximum value of

Z with

230
Max Z = =—

3

Thus, the values of the decision variables are, x, = 0, x, = 20/3, x, = 50/3.

A milk distributor supplies milk in bottles to houses in three areas A, B and C in a

city. His delivery charges per bottle is 30 paise in area A, 40 paise in area B and 50

paise in area C. He has to spend on an average one minute to supply one bottle in

area A, two minutes per bottle in area B and three minutes per bottle in area C. He

can spare only 2'; hours for this milk distribution but not more than 1% hours for

areas A and B together. The maximum numberof bottles he can deliver is 120. Find

the number of bottles that he has to supply in each area so as lo earn the maximum

income. What is his maximum income?
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Solution:

Let the number of bottles of milk which the distributor supplies be x, In area A, x
“>

in areaB.

X, in area C.

and then, his total incomein rupeesis.

Z = 0.3 x, + 0.4x, + 0.5x,

Since he cannot supply more than 120 bottles,

x, +x, +%,S 120

As he requires | minute per bottle in area A,

2 minutes per bottle in area B,

3 minutes per bottle in area C

and he cannot spend more than 150 minutes for the work,

x, + 2x, + 3x, < 150

Further, as the milk distributor cannot spend more than 90 minutes for areas A and B,

X, +.2x, < 90

Obviously

x,2 0, x, 20, x, 20

Converting the constraints as equations.

x, + xX, + x, +-u, = 120

x, + 2x, + 3x, + u, = 150

x, + 2x, + u, = 90

Here, u,, u,, u, are slack variables.

Setting x, = 0, x, = 0, x,=0 in the above equations,

wefind the initial basic solution as

u, = 120, u,= 150, u, = 90

The starting and succeeding simplex tables are shown in the combined form,
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76
—an

EV2] EVI]

Basis CG, = xx, x, uy u, Mt, B Ratio i]

u 0 l l ] l 0 0 120 120/1 = 120 |

LV—n,| 0 2 [3]pe} 0 0. 150 150/3=50+—PR

u,| 0 2 0 0 0 90 |-

C 3/10 2/5 1/2 0 0 0 -

Zz, 0 0 0 0 0 0 0

C -Z 310 2/5 12 0 0 o -

u, 0 2/3 1/3 0 1 —1/3 0 70 105

x,j 1/2) V3 2/3 ] 0 1/3 0 50 150

LV —u, 0 1 2 0 0 0 ] 90 |90<PR

C, 3/10 2/5 1/2 0 0 0 -

Z 1/6 1/3 1/2 0 1/6 0 50/2

C-Z, 215 15 O 0 -16 0 -

uy 0 0 -] 0 1 -13 -2/3 10

x; 1/2 0 0 1 0 3 -1/3 20

Xx, 3/10 ] z 0 0 0 1 90

C, 3/10 2/5 1/2 0 0 0 -

Z, 3/10 4/5 1/2 0 1/6 4/5 370

C —Z, 0 -2/5 0 0 -1/4 -4/5 -   
 

From the table shown below, we note that x, = 20, x, = 90 correspond to the maximum value

Z, = 370. The corresponding value ofx, is zero.
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Thus, the distributor has to supply 90 bottles in area A, no bottles in area B and 20bottles in

area C so that his income is maximum, the maximum incomeis % 370.

12. Solve the problem

Viet =. 5
Maximize Z

=

5x, + 3x,

Subject to x,+%,52

5x, +b 2x, < 10

3x, + 8x, < 12

Solution:

| x, 20, *,> 0 by using simplex method.

In the ‘equation form’, the given constraints can be written as

x, +x, tu, =2

5x, +2 x, + U, = 10

3x, + 8x, + u, = 12

Here, u,, u,, U, are slack variables.

The constraints consists of three equations and five variables x,, x,, U,, U,, U, setting x.

x, = 0, in these equations.

We get the starting basic solution

u, = 2, u, = 10, u, = 12.

First Simplex Table

 

 

  

      
 

Evl

Basis Cc, x, x, 4, u, u, B Ratio

u, 0 I I 1 0 0 2 2/] =2

LvV-u,| 0 |[s]pE 2] 9 1 0 10 |10/5=2+-PR

u, 0 3 8 OIRO l 12 12 /4=3

C, 5 3 0 0 0 —

Z, 0 0 0 0 0 0

C, -Z, 5 3 0 0 0 _

T

PC

From the table, we find that the minimum value of @ namely 2, appears in two rowsthefirst

and the second row.
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Therefore, the PR is not uniquely determined. We may choose cither the first row or the

second row as the PR. Let us choose the second rowas the PR. Then, 5 is the PE, u, is the

departing variable and x, is the arriving variable.

  

  

 
 

 

 

 

 
 

 

  

Ev!

Basis Cc. | x, x, uy a, ut, B Ratio|

LV <— 14, 0 0 3/2 PE ] -1/5 0 0 0 — PR

x, 5 ] 2/5 0 1/5 0 2 5

Mu, 0 0 34/5 0 -—3/5 ] 6 30 / 34

C, 5 3 0 0 0 _

Zz, 5 2 0 1 0} 10
C -Z, 0 1 0 —] 0 =

x, 3 0 ] $/3 -— 1/3 0 0

x, I 0 -2/3 ib/3y 40 2
uy 0 0 0 —34/3 $/3 1 6

Cc 5 3 0 0 0 -

Z, 5 3 $/3 2/3 0 10

C=2 0 0 -5/3 -2/3 O —      
 

The succeeding simplex tables are nowprepared as usual, They are shown below in the

combined form.

From the table below, wefind that x, = 2, x, = 0 correspond to the maximum value Z, = 10

of the objective function Z, Thus, for the given problem, x, = 2, x, = 0 is the optimalbasic solution

with max Z = 10.

2.6 SPECIAL CASES OF SIMPLEX METHOD
Various special cases which may arise during the application of simplex method as discussed (like

in graphical method) are summarised below.

2.6.1 Unbounded Solution

If all the ratios (0's) are non positive. We conclude that the problem has an unboundedsolution and

no further working processis required.

In some cases if the value of a variable is increased indefinitely, the constraints are not

violated. This indicates that the feasible region is unboundedatleast in one direction.
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Simp

Therefore, the objective function value can be increased indefinitely. This means that the

problem has been poorly formulated or conceived.

In simplex method, this can be noticed if C - Z value 1s positive to a vanable (entering)

which is notified as key column andthe ratio of solution value to key column value (9) is cither

negative or infinity (both are to be ignored) toall the variables. This indicates that no vanable is

ready to leave the basis, though a variable is ready to enter. We cannot proceed further and the

solution is unbounded ornotfinite.

far 2. = 5x, + 6x, + x,

Subject to Ox, 3x, 2x. <5

4x,- 2x,-x,<2
= <%,-4,+%,53 and x,x,%,20

Solution:

Introducing slack variables u,, u, and u,, the problem can be represented in the standard form

as follows:

Zax = 2X, + Ox, + x, + Ou, + Ou, + Ou,

Subject to 9x, _ 3x, _ 2x, + Ul, _ 5

4x, —2x,-—xX, + u, =2

x, — 4x, +x, +u, =3

Xi, X, X,, ur, u,, u, > 0

Simplex Table — 1

 

 

 

  
 
 

Basis cy x, x, x; u, u, u, B 0=B/PC

u, 0 9 -3 -2 1 0 0 5 -

u, 0 4 —2 -I 0 I 0 2 -

u, 0 1 +4 1 0 0 I 3 -

C, 5 6 I 0 Oo 0 _ =

Z 0 0 0 0 0 0 4

C-Z, 5 6 1 0 0 0 _

PC
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We notice that all the ratios are negative and hence are un-defined. The given solution jg

therefore un-bounded.

Note:

i. As discussed in simplex method production, the ratio is defined only whenit is positive,

Negative/infinite values ofthe ratio (Q) are not considered.

ii. This situation’case mayarise in the simplex table - 1 itself or may also arise in the

consequent simplex tables,

2.6.2 Tie Breaking in Simplex Method (Degeneracy)

A condition that occurs when the number of non-zero variables in the optimal solution is less than

the number of constraints ts known as degeneracy. Degeneracy in LPP mayarise.

i. At the initial stage.

ii. Af any subsequent iteration stages.

iii. At least one of the basic variable should be zero inthe initial basicfeasible solution.

In case

At anyiteration of the simplex method more than one variable is eligible to leave the basis,

and hence next simplex iteration produces a degenerate solution in which at least one basic

variable is zero i.e., the subsequent iteration may not produce improvements in the value of

the objectivefunction. This concept ts knownas cycling (tie)

Procedure to Resolve Degeneracy

Step 1

Find out the rows for which the minimum non negative-ratio is the same (tie), suppose there is a

tie between first and third row

Step 2

Rearrange the columns of the usual simplex table so that the columns forming the original unit

matrix comefirst in proper order

Step 3

Find the minimum ofthe ratio

 

[ emene ofthe first columnofthe unit mann)

corresponding elemens of key column

Onlyfor the tied rows

That is for the first and third rows  https://hemanthrajhemu.github.io



Simplex Method - 1
8

a. If the third row has the minimum ratio then this ratio will be the key row

b. If this minimumratio also is not unique, then go to next step

Step 4

Find the minimum ratio, for the tied rows. If this minimum ratio is unique for the firs; row, th
. = wt

will be the key rowfor determining the key element. £N it

 

( Elements of the second columnofthe unit mats)

corresponding elemens of key column

Repeat the above proceduretill the minimum ratio is obtained asto resolve the degeneracy,

14, Maximize Z = 3x,+ 9x,

Subject to x, + 4x,< 8, x, + 2x,< 4, Xj, %,20

Solution:

Adding the slack variables we get,

Maximize Z = 3x,+ 9x, Ou, + Ou,

Subject tox, + 4x, + u, = 8

x,+ 2x,+u,=4

First Simplex Table

 

 

  
 

  

LEV
Basis Cc, x x, u, u, B Ratio |

u,{ o |1 4 I 0 g |2

IV-—u,| 0 1 [2]PE |0 I 4 |2+— PR

C 9 0 0
Z, 0 0 0 0

C-Z 9 0 0      
3

0

3 A

- |
Minratio (@) is same for both u,, u,

So, Find

 

._{ elements of the first column of unit matrix . (10
Min - — = Min| —,—|=0

corresponding elemens of pivot column

Hence u, is the LV thus the degeneracy is resolved and can be proceeded further as usual.

https://hemanthrajhemu.github.io
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Basis C, x, x, lM, u, B

Mu, 0 | 0 -l 2 0

X, 9 1/2 | 0 1/2

C 3 9 0 0

Zz, 9/2 9 0 9/2 18

C-Z 3/2 0/0 -92    
 

From the abovetable asall C - Z<0, the solution is optimal with

x, = 0, x,=2 and Z_.. = 3(0) + 9(2) = 18.

2.6.3 Multiple optimal solutions

This situation occurs when there can be infinite numberof solutions possible for a given problem,

This situation can be recognised in a simplex method when one of the non-basic variables in net

evaluation rowin the final simplex table (optimal stage) to a problem will have a value of zero,

15. Solve Z__ = 3x, + 2x,

Subject to

—x, + 2,54

3x, + 2x, < 14

x,-x, 53

Solution:

Introduction slack variables u,, u,, u,, the LPP can be written as,

Zw, = 3X, + 2x, + Ou, + Ou, + Ou,

Subject to -x,+2x,+u,=4

3x, + 2x,+u,= 14

xX, — X, tu, = 3.

 

 

 
 

   
 

Simplex Table 1 EV

i
Basis G x, x, u, u, u, B Ratio (B/PC)

u, 0 -1 2 I Gm 4 -

u, 0 3 2 0 I 0 14 14/3
LV <+_4, 0 ~1 0 0 1 3 3/1  ~<+}PR

3 2 0 0 0 -

0 0 0 0 0 0

C-Z, 3 2 0 0 0

|
PC  https://hemanthrajhemu.github.io
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2.6.4

Replacing u, with x, and continuing we get,

Simplex Table (Final / optimal table) after 2 iterations.
 

 

 

  

Basis c x, x, u, u“, u, B

u 0 0 0 1 -1/5 8/5 6

*, 2 0 1 0 1/5 -3/5 1
x, 3 1 0 0 W/5 2/5 4

C. 3 2 0 0 0 =

Z, 3 2 0 I 0
C,-Z, 0 0 0 -1 0   

The optimalsolution is: x, = 4, x, = 1, u, = 6 and Z_. = 14.

8&3

Alternate solution: Now, in the above table the non-basic variable u, has it’s value equal to

0. This means that any increasein u, will bring no change.

In other words u, can be madea basic variable and the resulting solution will have the objec-

tive function value equal to 14. In other words, an alternate optimal solution to this problem

exists which can be obtained by making u, as a basic variable (instead u,) as shown in the

followingtable.
 

 

 

     

Basis Cp x, x, u, u, u, B

u, 0 0 0 5/8 -—-l/8 I 15/4

x, 2 0 I 3/8 WW8 0 13/4
x, 3 I 0 —1/4 I/4 0 5/2

C 3 2 0 0 0 -

Z 3 2 0 1 0

C,-Z, 0 0 0 ~1 0
Thus, the alternative optimal solutionis,

y=2, x= withz= 14.
2 4

Infeasible Solution

Infeasibility appears when there is no solution that satisfies all of the constraints in LP problem. It

is concluded that, the solution is infeasible whenall C, - Z, < O(optimal) and one or moreartificial

variable appears in the basis with positive value. When aninfeasible solution exists, the LP model

should be reformulated. This may be due to the fact that the modelis either improperly formulated

or two/more ofthe constraints are incompatable.

16. Solve the following LPP

Za = Gx, + 4x, subject to
nat

Xt ty 5 5, X20 ANG Oeete

https://hemanthrajhemu.github.io
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Solution:
By adding the slack, surplus and artificial variables;

= 6x, + tt +- —_na. 6x, + 4x, Ou, Os, Ma,

Subject to x, +x, +u,=5

x,-s, +a, =8

Xys Xyo Syy Spy A, 2 0

Simplex Table — 1

 

  

 

    

EV
'

Basis Cy x; x; uy Ss a, B 0

ied ou, 6 jt lt] I 0 0 5 5+—PR
a, -M_ 0 1 0 -1 I 8 8
C 6 4 0 0 -M
Zz 6 6-M 0 M -M

C-Z 0 M-2 0 -M 0 |
A| |
PC

The variable x, enters and u, leaves and the new Simplex Table will be,
 

 

 
 

   

Basis ¢, x, X, u, S, a, B |

a ee 1 0 0 5
,  —M_ -l 0 -— -l_ 1 3
C 6 4 0 0 -M

Z 4+M 4 44M M -M
C-Z 2-M 0 4-M -M 0 |
 

Since all C - Z< 0, the solution is optimal. But the solution is not feasible for the given

problem as per the constraints since it has x, = 0 and x, = 5 (it is given that x, 2 8).

It is due to the fact that artificial variables a, exists in the basis with positive value(a, = 3).

As the obtained solution, (the values of x, and x,) is not satisfying both the constraints the

solution is said to be infeasible.

2.7 ARTIFICIAL VARIABLE TECHNIQUES

So far we have discussed problems with only < constraints. In general the constraints may have 2

and = signs, after ensuring thatall b > 0, are discussed in this chapter. In such cases basis matrix

Gi https://hemanthrajhemu.github.io
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cannot be obtained as an identity matrix in the starting simplex table, therefore we introduce a new

type of variable called the artificial variable along with the surplus variables. These variables are

functions and cannot have any physical meaning. The artificial variable techniqueis merely a device

/ concept to get the starting Basic Feasible Solution (BFS) so that simplex method may be adapted

as usual until the optimal solution is obtained.

Artificial variables are forcedto be out or at zero level when the optimum solution is obtained,

in other words, to get back to the original problem, artificial variables must be drivento zero in the

final solution,

Two important and closely related methods are discussed here to solve the problems, withall types

of constraints. They are, Big—-M method and Two phase method respectively.

2.7.1. Big-M Method (Penalty Method)

Big-M (Charle's) method is a method of removing artificial variables from the basis. In this method,

we assign a large undesirable (unacceptable penalty) co-efficient (— M) to artificial variable in the

objective function of the standard form. The artificial variables added corresponding to = and =

symbols are eliminated to obtain the optimum solution.

Steps in Big-M Method

i. Express the problem in the standardform.

i. If the constraints are < add slack variables only on the left hand side of the constraints

iti. If the constraints are > subtract the surplus variables and addthe artificial variables on the

left-hand side of the constraints.

iv. If the constraints are =, add artificial variables only on left hand side of the constraints.

v, The coefficients of the artificial variables in the objectivefunction are— M, M being a very big

value.

vi. In the basis columnwrite only the slack and artificial variables.

vit. Solve the problem using simplex method as usual eliminating the artificial variables.

Outline of the Procedure/steps

SI: Convert the LPP into equation form by introducing the necessary slack and

surplusvariables.

$2: Introduce non-negative variables to the left-hand side of all the constraints ofgreater than or

equaltype. These variables are called artificial variables. The purpose of introducing artificial

variables is just to obtain an initial basic feasible solution. In order to get rid of the artificial

variables in thefinal optimumiteration, we assign a very large penaulty —M, in maximization

problems to the artificial variables in the objective function.

https://hemanthrajhemu.github.io
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S3: Solve the modified LPP by simplex method.

Whenver an artificial variable happens to leave the basis, we drop articial variable ang

omotall the entries corresponding to it’s column from the simplex table.

S4: Application ofsimplex method is continued until, either an optimumbasicfeasible solutionis ob,

tained or there is anindicationof the existence ofan unboundedsolution to the given LPP.

Note: While making iterations by this method, one ofthe following three cases may arise.

i. If no artificial variable remains inthe basts and the optimal conditionts satisfied, then

the current solution ts an optimal basic feasible solution.

If atleast one artificial variable appears in the basis at zero level and the optimality

condition is satisfied, then the current solution is anoptimal basic feasible solution.
1.

iii. ‘If atleat one bOasic variable appears in the basis of non-zero level and the optimality

conditionis satisfied, then the original problem has no fasible solution.

2.7.2 Two Phase Method

Linear programming problemshaving the constraints as >, = signs can also be solved by using two

phases.

In the first phase,artificial variables are eliminated from the simplex table and in the second

phase using the solution obtained in first phase, optimal solution is obtained. Since, the optimal

solution is obtained in two phases; it is called “Two Phase Simplex Method.”

Steps in Two Phase Method

Phase-1

Construct an auxiliary LPP

Auxiliary LPP is one, in which objective function is with zero coefficients for slack, basic variables

and a — | coefficient for artificial variables. Apply the simplex method,and solve the auxiliary LPP

until either of the cases arise.

i. Cj — Zi < 0 and evenifand atleast one artificial variable appearsin the basis rowata positive

level, then the problem does not posses any feasible solution. No need to proceed further

il. Cj — Zi < 0 and noantificial variable exists in the basis row andif artificial variable exists but

it takes zero value then go to phase-2.

Phase-2

Modify the objective function considering the actual coefficients to the decision variables,

‘0’ coefficients to slack, surplus variable get the modified / actual objective function (do not include

artificial variable).

Apply the simplex method and solve as usual until optimal solution is obtained.

S
E
E
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Note:

ii. If the constraintis >, subtract the su lus ; ‘icial vari
iit. If the constraint is =, add only eeeae Be sanaartificial variable.

Let us understand these two methods through the following worked examples
Z = 2x, + /17. Max a Gx, subject fox, + 2x,5 4 and x,+2x,=3x, 20, x, 2 0 using Big-M method

Solution:
X, + 2x, + u, =4

X, + x, + a, = 3

)ox, o 3x, + Ou, — Ma,

First Simplex Table

  

  

   

 
 

 

         

 

 

 

EV L

Basis Cr x *; uy q, B iz

LV<—u4, 0 l 2/PE] 1 0 4 2<-—PR

a,| —M 1 l 0 l 3 3

C 2 3 0 -M ee
Z —M ~M 0 —-M

|

-3M |-
CZ, 2+M 3+M 0 0 - |-

T PC
As all C, —Zare not < 0, let us moveto the next simplex table

Second Simplex Table (First Iteration)

Evl

Basis C, x, Xs My a, B Ratio

x, 3 1/2 l 1/2 2 \4

     
Z| -M/2+3/2 3 M/2+3/2 —M - |-
 

C,-Z M+1/2 0 -M-3/2 0 -— |-

T

PC

        

https://hemanthrajhemu.github.io
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Third Simplex Table (Second Iteration)
 

 

 
 

 

 

Basis C, x, x, nm, B

x, 3 0 l 3/4 ]

x, 2 l 0 -1 2

C 2 3 0 -

Z, 2 3 1/4 7

C -Z, 0 0 -1/4 -      
 

As all C — Z< 0, the solution is optimum

Hence, x, = 2, x, = 1

Z_=2(2)+3 (1) =7
ma

18. Use Penalty (or Big-M) Method to

Maximize Z = 6x, + 4x, subject to the constraints:

2x, + 3x, 5 30, 3x, + 2x, 5 24, x, + x, >3 and x,, x, 20

Solution:

Converting the inequalities into equations by addingslack, surplus and/ or artificial variables weget,

2x, + 3x,+ u, = 30

3x, + 2x, + u, = 24

X, +x, —-S, ta,=5

The modified objective function (considering — M) is,

Z_., = 6X, + 4x, + Ou, + Ou, + Os, - Ma,

Initial basic feasible solution is

 

  

 
      
   
 

         
 

u, = 30 u, = 24 and a, = 3 [setting x,, x,, s, = 0]

First Simplex Table

EV!

Basis C,, x, x, “ut, S, a, B Ratio

u| 0 2 3 ] 0 30 15

u,| 0 3 2 0 1 0 0 24 8

LV+a,|-M]] | |PE l 0 0 —1 1 3 3< PR

C, 6 4 0 0 0 |-M - -

z -M —-M 0 0 M |—-M = _

ce 6+M 4+M] 0 0 |-M]| 0 Wi =

T

PC

e
e
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As all C - Z, are not lesser than or equal to zero the solution is not optimum. Hence, move

to the next table revising the basis keeping the PE as unity, making other elements in PC as

zeros.

Second Simplex Table (First iteration)

(Replace a, by x,, keep the pivot element unity (1) and make the other two elements in the

pivotal element column as zeros)

 

 

 

   

  
 

 

        
 

 

 

 
 

 

 

EVL

Basis CL | x, uy u, Ss, B Ratio

u,| O 0 l l 0 2 24 12

LV+u,}| 0 0 -1 0 I 3 |PE 15 |5+PR

x,| 6 ] l 0 0 —1 3 |-

C, 6 4 0 0 0 - |-

Z, 6 6 0 0 -—6 - |-

C,-Z, 0 -—2 0 0 -— |-

TPC

Third Simplex Table (Second Iteration)

Basis C, x, x u, uy Ss, B

ui, 0 0 3/3 l —2/3 0 14

S, 0 0 -1/3 0 1/3 1 5

x, 6 l 2/3 0 1/3 0 8

C, 6 4 0 0 0 -
Z, 6 4 0 2 0 48

C, -Z, 0 0 0 —2 0 -       
 

As all C, - Z.< 0, the solution is optimum

The optimum solution is

x, = 8 and x, = 0 with max Z = 48

Note:

i. Consider only slack andartificial variables in the basis (C,) of the first simplex table.

tt. Remove the artificial variablefrom the table whenever it becomes leaving variable in the process.

itt. It may exist in the basis with its 'B' (RHS) value equal to zero.

https://hemanthrajhemu.github.io
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19. Use Two Phase simplex method to maximize

Zing = OX, + 3X,

Subject to 2x, + x, < 1, x, + 4x,= Gand x,, x,>0

Solution:

2x,+x,+u,=1

x, + 4x, —s, + a, = 6

Auxiliary L.P.P. is,

Ox, + Ox, + Ou, +0s, — a,

[Auxiliary LPP is one, in which objective function is with zero co-efficients for x,, X,, U,, 8,

but — | to a)

That is an objective function with zero coefficients for slack, surplus variables and a —ve

coefficient (— 1) for artificial variables.

 

 

 

   

  
 

          
 

 

  
 

 

Phasce-1

EV Ll

Basis Cc. x, x, u, Ss, a, B Ratio

LV+—u,| 0 2 1 PE ] 0 0 1 1— PR

a,| -1 I 4 0 —] 1 6 1.5

Cc 0 0 0 0 | - |-

Zz, -] —4 0 l —] - /-

C -Z 1 4 0 — 1 0 - |-

T

PC

u, will be replaced by x,

Basis C,, x, x, uM, 5, a, B

x, 0 2 ] 1 0 0 l

a, —1 -7 0 -4 — 1 ] 2

C 0 0 0 0 — | -

z, 7 0 4 ] — | -

C-Z, -—7 0 -4 a 0 -         
As all C -Z< 0 an optimum basicfeasible solution to the auxiliary LPP is obtained. But an

artificial variable in the basis at a positive Level (a, = 2) exists. Therefore, the original LPP

does not possess any feasible solution.  https://hemanthrajhemu.github.io
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20. Solve the following LPP using two-phase simplex method Minimize Z = 4x, + x,

Subject to x, + 2x, + 6x, <4, 4x, + 3x, + 2x, 26, 3x, +x, = 3 and x,, x,2 0.

Solution

Asthe given objective function is of minimisation type express / convert it into maximisation form

( standard form) by changing the sign of the variables. By doing so we get,

Z
lal act

= —4x,—X;

Converting the inequalities into equations by using appropriate variables we get,

x, + 2x, + 6x,+u, = 4,

3x, + x, +a, = 3

4x, + 3x, + 2x, —s, +a, =6

where, XX, U8, a, a,20

Auxiliary LPP is Z,,, = Ox, + Ox, + Ou, + Os, - a, - a,

 

 

  

   
 

          
 

 

 
 

   

 

 

         

Phase-l

Simplex Table-1
Evl

[Basis C,, x, x, u| s, a, a, B | Ratio

u,| O 1 2 1] 90 0 0 4 |4

a,| -l 4 3 o};-1/ 1 #«O 6 |1.5

LV —_— a, —l 3 PE 1 0 0 0 1 3 ]1—PR

are 0 0 of{f of-1 -1 - {-
Zz -7 4 Oo}; 1 |-1 =A ee
CZ, 7 4 | 0 0 a

T

PC

Simplex Table-2

EVL

[Basis Cc, xs x, uw s, a, B Ratio

uy 0 0 5/3 l 0 0 3 9/5

LV+<a,} -1 0 5/3 PE 0 I l 2 |6/5—PR

C, 0 0 ) 0 —]| _ -

Zz, 0 ~5/3 0 I 7 7 7

T

PC
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As all C, -Z, are notless than or equal to 0, the solution is not yet optimal or phase — | jg om

completed.
Yet

Simplex Table-3

Basis

|

C,

|

%, Xx, u, 5, B

u, 0 0 0 l l l

xX, 0 0 l 0 -3/5 6/5

x 0 | 0 0 1/5 3/5

C 0} o

|

0 0 _

Zz 0 0 0 0 -

cz |o| 0 0 0 -

Solution is optimum in phase — | asall (C,-Z) <0

Phase-2

Z modified/actual = Z__ = 4x, - x, + Ou, + Os,

Basis

|

C,

|

%, ic uM, s, B

u, 0 0 0 ] I 1

1 -1

|

0 ] 0 —3/5 6/5

x, 4/1 0 0 1/5 3/5

C 0 0 0 0 —

Z 0 0 0 0 —18/5

C-Z, 0 0 0 0 -      
 

The solution is optimum as, all C,-Z, < 0

Hence x, = 3/5, x,= 6/5

Z__=- 4x,-x, ie - 4( 3/5) - ( 6/5) = -18/5

Lgim = 18 SS.

21. Using two phase method solve the LPP

Maximise Z = 7.5x, - 3x,

Subject to the conditions

Sx, -x,-x,23,x,-x, + x,22andx,, x, x,20_

Solution:

Given, Z__, = 7.5 x, — 3x,

Such that 3x, — x, — X, 2 3, x, —x, + x, 22 and x,, x,, x, 20

 https://hemanthrajhemu.github.io
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,

Phase — 1

Converting the in equations as equations we get,

3x, —X,—X)—s, +a, =3

X, —X, +X, —s,+a,=2

The auxilary LPPis

Znax ~ OX, + OX, + Os, + Os, — a, —a,

Simplex Table — 1

LEV

Basis

|

C, x, x, x,

|

s, s,

|

a4, 7. RB —

< LV a, -1 |}[3]PE -1 -1/-1 of} 1 , ; PR

C, 0 0 0 0 0 | * _

TPC

(The solution is not optimum)

Keeping the PE as 1, making other element of PC(i-e.1) as '0' ad replacing the LV with weget,

Simplex Table-2

 

 

  
 

         

1 EV

Basis C, x, x, x, Ss, S, a, B Ratio

x 0 1 -1/3 -1/3 |-1/3 0 0 | -

«LV a, -1 l —2/3 PE| 1/3 -1} 1 I 3/4

Cc 0 0 0 0 oj| -1

Z, 0 73 +43 |-18 1 0

C,-Z, 0 -2/33 473 3-1} -1 ‘ -

TPC

(The solution is not yet optimum asall C, — Zare not < 0

 

<— PR
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Makingthe PEas‘I’, the other element of PC as '0' ad replacing the LV with EV we get

Basis

|

C, Xx, Xx, x, s, s, B

X, 0 ] -|/2 0 +1/4 +1/4 5/4

X, 0 0 -2/3 ] 1/4 3/4

|

3/4

c 0 0 0 0 0 -

Zz. 0 0 0 0 0
J

C,-Z, 0 0 0 0 0

The solution is optimum for phase — | as all C,-Z = 0

Hence, we can proceed to phase — 2

Phase-2

The actual objective function is, Z_., = 7.5 x, — 3x, + Os, + Os,

Simple Table

Basis

|

C, x, x, x, S, S, B

x, 7.5 ] +1/2 0 +1/4 -1/4

|

5/4

X, 0 0 —2/3 ] 1/4 —3/4

|

3/4

C 7.5 —3 0 0 0 =

Z, to -7.5/2 0 +7.5/4 +7.5/4

C-Z 0 —3/4 0 7.5/4 -7.5/4| —-     
 

The solution is optimum

Xy =¥,. Xy =¥. X> =

\73(2) -3(0)

75

8

22. Solve the following problem.

Z_,, = 3x, + 2x, + 4,

Subject to 2x,+x,+ 3x,= 60 and 3x, + 3x,+ 5x,2 120

(a) Using Big - M Method (b) Using Two Phase Method

eh

a
e
e
r
e
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Solution:

 

 

a) Constraints in modified form are,

2x,+x,+ 3x , +a, = 60

3x + 3x, + 5xX,—s, +a, = 120

Initial basic feasible solution is

a, = 60

a= 120

Modified objective function

Zax ~ 2X — 2X — 4x, + Os, — Ma, — Ma,

First Simplex Table

  

 

 
 
 

   

 

 

       
 

 

 

 
 

   
 

 

 

E.vV J
Basis C, x, % a s,

|

a, a,

|

B | Ratio

LV<—a,| -—M 2 1 |peE| 0 | 0 60 |\20-— PR

a,|_ —M 3 3 5 -1| 0 1 120 24

C, —3 -—2 —4 0 -M -M| -

Zz, -5SM -4M -8M M |-M -M -

C,-Z, SM-3 4M-2 8M4 |-M| 0. 0 - |-

7

PC

Second Simplex Table

EVI

Basis Cc, x, oe x, s, a, |B Ratio

x, —4 2/3 1/3 l 0 0 20 60

LV+a,}| -M -1/3 43|pe | -1 1 20) 15+PR

c smifl = -4| 0 |M]|- -

Z, M-8/3 -4M-4/3 -4|}| M |-M|} - -

C,-Z, -M-1/3 4M-2/3 Oo |-M 0 — -      
 ~

|

PC
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Third Simplex Table
 

 

 

  

   
 

 

 

     

Basis C. x, x, x, s, B

x, -4 3/4 0 | 1/4 IS

x, a) -1/4 | 0 — 3/4 15

G —3 -2 -4 0 -

Z, -5/2 -2 -4 1/2 -

C-2 -1/2 0 0 -1/2 ~   
Since all C, - Z value is < 0, the solution is optimum

Therefore x, = 15, x, = 15, x, = 0

= 30+ 60

Z_ =, 2(Z_..) = -90

b) Two phase method

Modified constraints are,

2x,+x,+3x, +a,= 60

3x,+3x,+5Xx,—-s,+a,= 120

Setting the basic, slack variables to zero we get, a, = 60, a, = 120

Auxiliary LPP is, Z_,. = 0 x,+ 0 x,+ 0 x,+ 0s, — la,— la,

 

 

 

   

   
 

         

Phase 1

Simplex Table-1

E.VJ

Basis CG

|

x, x, x, S, 4, a, B 0

LV —a, -1 2 I 3 |PE 0 ] 0 60

|

20+ PR

q, -1 3 3 5 -—1 0 ] 120

|

24

\ 0 0 0 0 |-1 -! - 7

Z -5 -4 -8 l -l -l - -

G-Z 5 4 8 - 1 0 0 - -
; =  https://hemanthrajhemu.github.io



 

 

  

 
 

   
 

 

        
 

 

 

 

 

  
 

 

 

 

    
 

 

   

 
 

 

 

simplex Method 7
eT 97

simp!ex Table-2

E.v Ll

——_—— Cc

Bets

|

Gm Le
x,

|

0

|

2/3 1/3 1

|

0

|

o

|

20

|

60

LV<—a,| -!

|

-/3 pel 4a 0

|

-1} I

|

20} IS—PR

a
ss 0 0 0 0 |-l)} - -

Z 1/3 ~ 4/3 0} 1 |-1] - -
a

|

4-4 — 1/3 4/3 0

|}

-1| 0] - -

T

PC

simplex Table-3

Basis RB x, x, x, s, B

Xx; 0 3/4 0 l 1/4 15

Xx; 0 — 1/4 1 0 -3/4} 15
|2

C, 0 0 0 0 =

Z, 0 0 0 0%) =

|

G4, 0 0 0 Gy

Since all C, — Z< 0, it is a basic feasible solution.

phase 2

The actual objective function is, Z| = — 3x,- 2x,- 4x,* 0s,

Basis C, x, ws Xx, 5 -
—4 3/4 0 1 4 |b
-2 |-1/4 o |-3/4 Le

C, —3 ae _4 0 :

Z, — 5/2 - _4 2

|

=

C,-Z, —1/2 0 9

|

-12

 

  
 

Since all C, — Z, values < 0,the solution is optimal.

x,= 15, x,= 15, x,=0

Z =15Sx2+15x4
min

= 90
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23. Solve by two phase method Z_,, = 3x, + 2x, + 3x,

Subject to 2x,+x,+ 2,52

3x, + 4x, +2x, 28

= >Ry Cy tyz0

Solution:

Modified constraints are

2x, +x, +X, +u,=2

3x, + 4x, + 2x, —S,+ a, = 8

Lax = Ox, * Ox, - Ox, +0u,+0s, — a,

 

 

  
 

        

   

 

 

 

 

  
 

 

Phase-1

Simplex Table-1

EVI

Basis C, | x, x, x, u

MW, 0 2 : ] l

LV~a, -1 3 PEL] 2 0
C 0 0 0 0
Zz, -3 4 -2 0
2 3 4 2 0

T

PC

Simplex Table-2

Basis Cc, x, Xe; x, uy S, B

u, 0 5/4 0 1/2 l 1/4 0

xX, 0 3/4 l 1/2 0 -1/4 2

C 0 0 0 0 0 _
Z 0 0 0 0 0 =

C,-Z, 0 0 0 0 0 -       
Since all C, - Zz, values are < 0, the solution is optimum in phase 1.

e
e
e
e
e
e

e
e
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simplexMethod 1 _
=

phase — 2

Zinax 3x, + 2x, + 3x, + Ou, + Os,

—— - EV 1
Basis }Cyfy x, % u, 5, B Ratio

LV<—u, 0 5/4 0
PE} 1/2 ] 1/4 0 O«—— PR

x; 2 |3/4 4 1/2 5 |ome d3

_— S eo 2 3 0 0)

4 wk 2 | 0

|

-1/2
| C-Z 3/2 0 2 0 a

= TPC
Basis Cc x, x, x, u, : =

*s 2 3/2 0 l 2 1/2 0
ei 2 —2/4 l 0 — | —4 49 2

a 3 2

|

3 0
Z, 13/2 2 3 5 1/2

C,-2 — 3.5 0 j|o] -s

|

-172        
 

All C; - Z, values are <0, hence solution is optimal

“xX, =0,x, =2,x, =0

Lana = 4
™.

24. Minimize Z, = 600 x, + 500x,
| Subject to 2x, + x, 2 80

x, + 2x, 2 60

Dp Mees 0

Solution:

By introducing surplus variables s,, s, and artificial variables a,, a, in the inequalities of the

constraints weget,

2x,+x,—s, + a,= 80

xX, + 2x,—s, + a,= 60

Znae = — 600x, — 500x,, Os, + Os, — Ma, — Ma,

(Objective function in standard form)

https://hemanthrajhemu.github.io
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First Simplex Table

 

 

  

  
 

 

         

EV L
Bl Renn

Basis Gis  % 1s 8 | % Ratio
a,|—-M 2 ] -1 0 ] 0

|

801/80
|

LV—a,|-M | 2 |PE 0 —] 0 l 60 30 — pr

a

-600  —500 0 |-M -M}] —- ]-

- J

z —3M -3M |+M M |-M -M] —- }]-

- a

_ — 4500+

C -Z or on -M -M] 0 0 -— }-

- . —
|

PC

Selected pivot column is with — 500 + 3 M or 3 M — 500 is the mostpositive comparedto

3 M — 600, x, replaces a,

R, (new) = (old) R, (New) = R, (old) — R, (new)
: PE

Second Simplex Table

 

 

 

  
 

           

EV l

Basis C, | x x, 5, S, a, |B Ratio

LV~a,| -M 3/21 PE 0 |-1 1/2 1

|

50

|

100/3 — PR

x,

|

-500 1/2 1 0 — 1/2 0

|

30 {60

C - -600 - 500} 0 0 -M] - /-

Z - -250-3M/2 -500] M 250-M/2 |—M] — |-

C -Z - — 350 + 3M/2 0 |-M -—250+M/2} 0 -|-
T

PC

X, replaces a,

in the newtable

R, (new) = R, (old) / pivot element

R, (new) = R, (old) — respective pivot column element ~ R, (new)  https://hemanthrajhemu.github.io
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Simplex Method - 1

Third Simplex Table

 

 

 
 

 

      

Basis i x, x, S, 5, B

x, — 600 I 0 — 2/3 1 /3 100 /3

i — 500 0 I 1/3 — 2/3 40/3

C, —600 —500 0 0 -

Z -—600 —- 500 700/3 400/3 -

C, -Z, 0 0 — 700/3 — 400/3 =~
 

As all C — Zs 0, the Solution is optimum

x,= 100 / 3, x,= 40/3 with Z_, = 80,000 /3

Review QueEstTIONS

I.

2.

N
A
N

Mw
A
W

10.

Il.

12.

Mention the limitations ofgraphical method used to solve a LPP.

Define the following terms in connection with LPP.

il. Surplus variable.i. Slack variable. iii. Basic solution.

iv. Basic feasible solution. v. Optimal solution. vi. Infeasible solution

vii. Unbounded solution

Explain the essence ofsimplex method.

Explain the setting up of simplex method.

Why simplex method is better than graphical method?

Write a brief note on unboundedsolution and infeasible solution of simplex method.

Explain the following

i. A standardform of the LPP

it. Basic solution of an LPP

itt. Degeneracy and un-boundedsolution with respect to simplex method.

Write procedure to solve LPP of two phase simplex method.

i. Un-bounded solution

it. Infeasible solution

it. Multiple alternative solutions

Mlustrate with examples slack and surplus variables.

Give the characteristics ofLPP.

Why simplex method is a better technique than graphical for most real cases ? Explain.

Explain the steps needed to find feasible solution using simplex method.
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Operations RCSeare,

13. Write keysolution concepts of simplex method.

14. What ts degeneracy in LPP and howdo you resolveit?

15. Explain the concept of tie breaking in simplex method

16. Give the algebra ofsimplex method.

17, Write a note onartificial variables,

18. Explain briefly Big - M method and Two phase method.

19. ‘Write a note on auxiliary LPP.

20. Explain two phase technique to solve LPP in simplex method.

PROBLEMS

1. Find all the basic solutions to thefollowing problems

Zoe =X, + 3X, 43%,

Subject to the constraints

xX, +2x,+3x,=4and2x,+3x,+5x,=7

Stating when the solutions are feasible.

Ans: x,, x, are basic, x, is non basic variables z= = 5 (Feasible)

X,, X, are basic, x: is non basic variables Zan — 4 (Feasible)

X,, X, are basic, x, is non basic variables z_ = 3 (Solution is not feasible)

2. For the following system ofliner equations.

2x, + 3x, + 4x, = 10 3x, + 4x, +x, = 12

classify the solutions in to

i) Basic feasible solution.

ii) Degenerate basic feasible solution

ili) Non degenerate basic feasible solution

Ans: 1) Basic Feasible Solutions: a) when x, =0,x,= 38/13, x, = 4/13

b) when x, = 0, x, = 19/5, x, = 3/5

ii) There are no degenerate basic solutions

iti) Non degenerate basicfeasible solutions: a) when x, = 0, x, = 38/13, x, = 4/13

b) when x,= 0, x, = 19/5, x, = 3/5

3. Solve the following LPP by using simplex method

Zimax = 3X, + 2x,

Subject to x, +x, < 40
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Simplex Method - 1

Ans:

Ans:

aX

Ans:

Ans:

a)

X,;-X520 and X1X%2 20

x, = 30, x, = 10, Z,. = 110

Max Z = x, + x, + 3x, by using simplex method

Subject to 3x, + 2x, +x, <3

2x, + x,+ 2x, 2 and x,, x,, x, 20

x,=0,x,=0,x,=1 and Z) = 3

Min Z = x, — 3x, + 2x, by using simplex method

Subject to 3x, — x, + 2x, <7

— 2x, + 4x, < 12

— 4x, + 3x, + 8x, < 10 and x,, x,, x, >0

x, = 4, x, =5, x,= 0 and Z. =- 11

Max Z = 3x, + 4x, by using simplex method

Subject to x, — x, <1

—x,+x,<2 andx,, x,, 20

The solution is unbounded

Max Z = 40x + 25y + 50z by using simplex methog

Subject to x + 2y + z < 36

2x + y + 4z < 60,

2x +S5y+z<45 andx,y,z>0

x = 20, y = 0,= =5 and Z. = 1050

Solve by using simplex method

Zinax = LOX, + 6X,

Subject to x, + xX, $2, 2x, +x, <4

3x, + 8x, < 12 and x,, x, 20

x, =2,x,= 0 and Z_. = 20

Solve the following LPP by stmplex method

Zane = 10x, + 15x, + 8x,

Subject to x, + 2x, + 2x, = 200

2x, + x, + x, = 220

3x, + x, + 2x, < 180
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x, > 10, x, 2 20

x, 2 30 and x,, X,, X; 2 0

Ans: x, = 20, x, = 60, x, = 30 and Z__ = 1340

10. Solve by simplex method

Zo = 2%, + 3%;

Subject to the constraints x, < 5, x, 2 10 and x,, x, 2 0

Ans: Solution is infeasible

Il, Zo = 4x, +10x,

12,

73.

16.

Subject to the constraints

2x, +x, £50

2x,+5x,< 100 and 2x, +3 x, < 90

x, = 0, x, = 20 and Z__. = 200

Z_. = Fx, + 8X,

Subject to the constraints 3 x, + 2 x, < 36

x, + 2x, 520 and3 x, +4x,< 42

x, = 2,x,=9and Z_ = 8&2

Zo H IX, + FX,

Subject to the constraints x, + x, < 45

2x, +x, < 60 andx,, x, 20

x, = 0, x,=45 and Z_ = 180
Zin FIX, FIX,

Subject to the constraints x, 24,2 x, 5 12,3 x,+2 x, < 18 and x,, x, >0

x, = 2,x,=6andZ_ = 36

Lora = OX, + 4X;

Subject to 6x, + 4x, < 24 —
x, + 2x, 56

x,+x,</

x, = 3, x, = 0.5 and Z_, = 21

Solve Z__ = 20x, + 24x,

Subject to: 2x, + 3x, < 150

3x, + 2x, < 150
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simplex
Method -

1

T

T

x, = 450

X,, X,2 0.

x, = 30, x, = 30 and Z= 1320

Using Big — M method solve the LPP
Ans:

17.

Maximize Z = 2x, + x,

Subject to 3x, + x, = 3

4x, + 3x, 2 6

x, + 2x, <3 andx,,x,20

3 12
Ans: X)=— X2 ~ 3" and Zrnax ~ =

18. _Use Big- M methodto solve

SeZin = 4%, + X, :

Subject to 3x, + x, = 3

4x, + 3x,2 6

x, + 2x, <3 and x,, x, = 0

Ans: x, = 0, x, = -3,andZ, =3

19. Solve the following LPP by two — phase simplex method

Zaax = 3%) —%
Such that 2x, +x, 22

X, + 3x, <2, x,<4andx,,x,20

Ans: x, = 2,x, = O0and Z,=6

20. Solve the following LPP either by Big M method or two phase method

Zax = 2%, +X, + 3X,

Subject to x, + x, + 2x,<5

2x, + 3x, + 4x, = 12 and x,, x, x,2 0

Ans: x, =3,x,= 2,x,=0,Z,,=8

21. Using two phase methodsolve the following LPP
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22.

23.

24.

Ans:

25.
of

Ans:

26.

Ans:

27.

Subject to x, + x, 22

x, +x,<4 and x,, x, 29

Z=-8 x, 24%, =0

Solve the following problem cither by Big -

Z =2x, + 2x, + 4X,
min ! : 2

> 2
Subject to 2x, + 3X, + SX,

3x, + x, + 7x, <3

x, + 4x, + 6x, = 5 and x, X,, X, 20

7

xy = 0, X>5 3” X, = Oand Lain =
-

o
o

|
D
e

Solve the following LPP by simplex method.

Le = Ry t aX,

Subject to 2x, + x, + 58, S z

3x, +4x,2 12 and x,, x, 20

Solution is infeasible

Using Big M methodsolve,

Zn 4X, + 3%,

Subject to 2x, + x, 2 10

— 3x, +2 x, <6 and x, + x,2 6

x, =4, x, = 2 and Z_, = 22

Using Two phase methodsolve,

Zo = 5X, + 8X,

Subject to 3x, + 2x, 23

x, +4x,24 and x,+x,<5

x, = 0,x,= 5 and Z_ = 40

Use Two phase methodto solve,

Z__ = 3X, # 2%, +3,

Subject to 3x, + x, + x, < 2 and 3x, +4 x,+2x,28

x, = 0,x,=2,x,=OandZ_ =4

Za = Ix, + FX,

Operations Resear, h¢

Mmethod or by dual simplex method.
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Ans:

28.

Ans:

29.

30.

31.

32.

33.

Subject to x, = 4,2 x,< 12

3x, + 2 x, = 18 and xx, 20

x, = 2, %,= 6andZ_ = 36

Minimize Z = 20x, + 10x,

Subject to x, + 2x, < 40

3x, + x, 2 30

4x, + 3x, = 60 and X,,x, 20.

x, = 6, X, = 12 and Z,, = 240

Use penalty methodto solve thefollowing LPP

Maximize Z = 5x, + 3x,

Subject to 2x, +4x, <12,

2x, + 2x, =10, Sx, +2x, >10 x, and x, 20

x, = 4, x,=1, Z= — 23, Z.=—- (Z,) = 23

Solve the following LPP by big — M method

Znax 7 2K — X

Subject to 3x, + x, =3

4x, + 3x, >6

xX, + 2x, <4andx,,x,20

x, = 3/5, x, = 6/5 and Z| = —12/5

Use Big—M method to maximize

Zax = 5x, + 3x,

Subject to 2x, +x,<1,x, + 4x,26 and x,, x, 20

No feasible solution

Solve Z =x, +x
max i 2

Subject to the constraints 3 x, + 2 x, <6, x, +4.x, <4 and x,, x, 20

8 3 11
X,=—, x,=—and Z,, = tT
157 2G x 5

Solve the following LPP

Zax ~ 3X, + 5%,i]
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e
e
a
a

O
e
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34.

35.

36.

Subject to the constraints 2 x, < 4, 3.x, < 6 and 3 x, +2x,< 18

x,=2,x,=2andZ_ = 16
I

Solve Z) =x, +2 x,

Subject to the constraints x, + x, $3, x, + 2.x, $5 and3 x, + x, <6

and X,, x, 2 0.

x, = 2,x,= 3 and Z_=35

Solve Z_ = 6x,- 2x, + 3x,

Subject to the constraints

2x,—x,+2x, <2

x, +4x, <4.

x, = 4, x, = 6, x,=Oand Z__ = 12

Solve thefollowing LPP

Zon= 2%, +X,

Subject to 3x, + 4x, < 6, 6x, +x, <3 and x,, x, 20

x, = 2/7, x, = 9/7 and Z__ = 13/7

Solve Z|. =X, +X,

Subject to the constraints x, + 2 x, > 7 and 4 x, + x, > 6

5 22 27
Xp =e X= aNd Loe =

Operations Rese,
Seqarch
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